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Micromagnetic simulations are used to describe the domain-wall dynamics along thin ferromagnetic strips
driven by short pulses of magnetic field or electrical current with sinusoidal shape. For perfect strips without
pinning centers, the net displacement of the domain wall is proportional both to the amplitude and the duration
of the field pulse. A similar behavior is observed under current pulses if some nonadiabatic corrections are
taken into account. On the contrary, the net displacement is null in the perfect adiabatic case. The domain-wall
dynamics driven by these pulses is also characterized for strips which contain a single constriction, which acts
as pinning site for the wall. The results reveal that an initially pinned domain wall can be eventually expelled
far away from the constriction but if the maximum displacement does not surpass a given threshold the
domain-wall experiences an attractive force which pushes it again toward the initial pinning site. Finally, the
analysis of the domain wall jumps between two pinning sites is carried out both at zero and at room tempera-
ture for several separations between them. The simulations point out that the jumps can be achieved by means
of short field or current pulses in the subnanosecond regime, an observation which could find application for
a fast and easily controlled writing mechanism for future magnetic random access memory devices based on a
pinned domain wall.
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I. INTRODUCTION

In recent years, static and dynamics properties of domain
walls �DWs� along thin ferromagnetic strips have attracted a
great deal of attention due to their fundamental interest and
their potential technological applications such as ultrahigh-
density magnetic storage1–6 and logic devices.7,8 The success
of these applications depends entirely on our ability to con-
trol accurately the domain-wall motion �DWM� along ferro-
magnetic strips. The traditional way to move a DW is by
applying a magnetic field.9–16 On the other hand, since the
appearance of the work by Berger17–19 and Slonczewski,20,21

considerable effort has been put in understanding current-
driven DWM.16,22–33 Several works have experimentally ana-
lyzed the DWM driven by long static magnetic fields13,15 and
direct currents �dc�.34–41 For instance, the experimental mea-
surements of the DW velocity carried by Atkinson et al.13

under static fields could be explained as the balance between
local pinning force due to the surface roughness and thermal
fluctuations.16 The experimental analysis by Meier et al.39 on
the current-driven DWM points out a stochastic nature of the
DWM, which could originate from thermal effects of the
joule heating37,42 or local pinning due to roughness.16,40 The
current available theoretical descriptions of these experimen-
tal observation seems to indicate that some nonadiabatic cor-
rections need to be taken into account but both the origin and
the strength of the nonadiabaticity are still very
controversial.43,44

The DW position along a ferromagnetic strip can be ma-
nipulated by means of a single constriction, which acts as a
trap for the wall by locally lowering its magnetostatic
energy.45,46 The analysis of the depinning process driven by

both static field and/or dc has been carried in several
experimental47–53 and theoretical54 reports. It was also veri-
fied that the density current required to promote the DW
depinning from a pinning site can be significantly reduced by
means of oscillating currents �ac� when its frequency
matches the natural frequency of the pinning site.55–61

In the present paper, the DW dynamics along thin Permal-
loy strips under the only action of short magnetic field or
electric current pulses with sinusoidal shape is systematically
investigated from a theoretical point of view. The paper is
organized as follows. The geometries considered and the ba-
sic features of our micromagnetic simulations are presented
in Sec. II. The DWM along a perfect strip �without pinning
centers� driven by static magnetic field or electric current is
reviewed in Sec. III A. After that, the DWM along a perfect
strip driven by sinusoidal field and current pulses is micro-
magnetically analyzed in Sec. III B, and a one-dimensional
model has been also used to complement the study. A similar
strip but now containing a single pinning site is considered in
Sec. IV. After that, the DW dynamics between two pinning
sites under field or current pulses is micromagnetically stud-
ied in Sec. V. The same problem is also analyzed from a
one-dimensional point of view in Sec. VI. Finally, the main
conclusions of our work are presented in Sec. VII.

II. MICROMAGNETIC MODEL

The system under study consists of a thin Permalloy strip
with Ly �Lz=60�3 nm2 cross section. A computational re-
gion of Lx=1.2 �m in length was discretized by means of a
standard finite-difference scheme using cubic computational
cells of �x=3 nm inside. Figure 1 depicts the equilibrium
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states of a head-to-head transverse DW at rest for three dif-
ferent cases: �a� a perfect wire �without pining centers�, �b� a
strip with a constriction which consists of two rectangular
notches �15 nm long and 6 nm wide� symmetrically placed
on both edges of the strip. Figures 1�c� and 1�d� depict the
two possible equilibrium states of a DW pinned at one of the
two identical constrictions separated S=120 nm. It has to be
noted that in absence of driven force, and for dimensions and
geometry here evaluated, the DW is symmetrically pinned in
the center of the pinning sites.54,61 The sign criteria for the
positive fields and electrical density currents are also in-
cluded in Fig. 1. Starting from these initial states, the dynam-

ics of the local magnetization M� �r�� under the action of mag-

netic field pulses B� ext�t�=Bext�t�u�x or spin-polarized current
pulses j�app�t�= japp�t�u�x, both of them spatially uniform and
directed along the strip axis �x axis�, can be described by the
extended Landau-Lifshitz-Gilbert equation as derived by
Zhang and Li,25

dM�

dt
= − �0M� � �H� eff + H� th� +

�

Ms
�M� �

dM�

dt
�

+ bJ�t��u�x · ��M� −
cJ�t�
Ms

M� � �u�x · ��M� , �1�

where �0 is the gyromagnetic ratio, � is the Gilbert damping

parameter, Ms is the saturation magnetization, and H� eff is the
effective field, which includes exchange, self-magnetostatic,

and external field contributions. H� th is the thermal field,16

which is a Gaussian random process with the following sta-
tistical properties:62,63

�Hth,i�r�,t�� = 0, �2�

�Hth,i�r�,t�Hth,j�r��,t��� = 2D�M�ij��r� − r�� ���t − t�� . �3�

The average of the thermal field taken over different sto-
chastic realizations vanishes in each direction i in space �2�.
The thermal field H� th is assumed to be uncorrelated in time

���t− t��� and uncorrelated at different points ��r�−r�� � of the
finite-difference mesh, as stated by Eq. �3�. The strength of
the thermal field, which follows from the fluctuation-
dissipation theorem, is given by

D�M =
�KBT

�0�0Ms�x3 , �4�

where �x is the cell size, KB is the Boltzmann constant, and
T represents the temperature.

The last two terms on the right side of Eq. �1� represent
the adiabatic and the nonadiabatic spin-transfer torques,
respectively.25 The coefficients bJ�t� and cJ�t� are given by
bJ�t�= japp�t��BP /eMs and cJ�t�=�bJ�t�, where �B is the
Bohr magneton, P is the spin-polarization factor of the cur-
rent, and e	0 is the electron’s electric charge. The coeffi-
cient � is a dimensionless constant describing the degree of
nonadiabaticity between the spin of conduction electrons and
the local magnetization.24 Typical Permalloy parameters
were considered: saturation magnetization Ms=860 kA /m,
exchange constant A=13 pJ /m, damping �=0.02, and po-
larization factor P=0.4. All numerical details of our micro-
magnetic scheme can be found elsewhere.16

III. DW DYNAMICS ALONG PERFECT STRIPS

A. Static fields or currents

Let us first review the case of the DWM along perfect
strips under static fields �Bext=Be� f�t�� instantaneously ap-
plied at t=0. Starting from the initial state depicted in Fig.
1�a�, the DWM is micromagnetically analyzed by numeri-
cally solving Eq. �1�. Figures 2�a�–2�c� show the temporal
evolution of the normalized DW width ���t� /��0��, the DW
position �x�t��, and velocity �v�t�� under two static fields �Be�
smaller than the so-called Walker field �BW=�0HW=6 mT�.
��0�	�0=24.66 nm is the value of the DW width at rest
obtained from Thiele’s definition. For Be	BW, the DW
width relaxes exponentially, and it reaches a stationary value
which decreases when Be is augmented in the low-field range
�Be	BW�. The snapshots of Figs. 3�a� and 3�b� show that the
transverse DW state is preserved under static fields smaller
than BW, with a reduction in its width. At the same time, the
DW velocity reaches a stationary regime, and therefore the
DW position becomes a linear function of time. In this low-
field regime, the terminal DW velocity increases with ap-
plied field as v�
�=�0��
�He /�, and as it is depicted in Fig.
2�g�. For fields larger than the Walker breakdown, the wall
moves with oscillations, and the average DW velocity drops.
The snapshots of Fig. 3�c� reveal that the precession of the
DW magnetization is spatially nonuniform. In fact, the pre-
cession from +y to −y DW magnetization occurs through the
displacement, across the strip width and along the DW, of an
antivortex with +z core magnetization. Similarly, the conver-
sion from −y to +y orientations occurs by the displacement

FIG. 1. �Color online� Equilibrium states of a head-to-head DW
in absence of external field and current in �a� perfect strip and �b�
strip with a single constriction. �c� and �d� show the two equilibrium
states �at the left and at the right sites� for the DW in a strip with
two identical constrictions, respectively. The cross section is Ly

�Lz=60�3 nm2, and the notch dimensions are nx�ny =15
�6 nm2. The sign criteria for the external field Be=�0He and the
applied current ja are also shown.
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of an antivortex with −z core magnetization. This preces-
sional DW motion has been already described from both
theoretical12,64 and experimental15,65 studies. It has to be
noted that the antivortex starts to nucleate in the strip edge at
times around 2.6 ns for Be=BW=6 mT, when the normalized

DW width becomes smaller than ��t� /��0�
0.6 �that is,
40% smaller than its initial state�. At t=5.3 ns, the antivor-
tex is placed in the middle of the strip, and it has a represen-
tative DW width of ��t�
0.4��0�. Therefore, the presence
of the antivortex can be monitored by the time evolution of
the DW width: if the DW width reaches a value of ��t�

0.6��0� or smaller, an antivortex starts to nucleate and
move from the strip edge to the strip center, where it reaches
its minimum width ���t�
0.4��0��. As the frequency of the
DW transformation increases with Be,

64,65 the time required
for the DW transformation �from transverse to antivortex
DW� decreases with Be.

66

The DW dynamics under static currents �japp= ja� f�t�� is
shown in Fig. 4 for three different values of the nonadiabatic
parameter ���. For all cases, the adiabatic term �bJ� provides
an initial DW velocity when the current is instantaneously
applied at t=0. This initial DW velocity increases linearly
with ja as v�0�=−bJ / �1+�2�. As it is depicted in panel �a� of
Fig. 4, for currents smaller than a given Walker-type thresh-
old �ja	 jW����, which depends on �, the DW width relaxes
to a new stationary value as the time elapses from t=0, and
the initial DW velocity drops to zero if �=0. In this case, the
final DW velocity is null, and the total displacement in-
creases with ja. If �=�=0.02, the DW structure does not
change with respect to its static value when the current is
turned on, and the DW velocity moves with constant termi-
nal velocity �v�
�=−cJ /��. If �=2�=0.04, the DW width
relaxes again reaching a stationary value over a duration of

4 ns. Note that this change in ��t� is qualitatively similar
to the one observed for �=0. However, the DW velocity

FIG. 2. �Color online� DW dynamics driven by static fields
along perfect strips. �a�–�c� represent the temporal evolution of the
DW width normalized to its static value ���t� /��0��, the DW ve-
locity �v�t��, and the DW position �x�t�� for two different static
fields �2 and 4 mT� smaller than the Walker breakdown BW. �d�–�f�
represent the temporal evolution of the DW width normalized to its
static value ���t� /��0��, the DW velocity �v�t��, and the DW posi-
tion �x�t�� for two different static fields, equal �Be=6 mT� and
larger �Be=8 mT� than the Walker breakdown. The average DW
velocity dependence on the applied field is shown in �g�. The inset
shows the stationary DW width ���
� /��0�� as a function of field
in the low regime �Be	BW�.

FIG. 3. �Color online� Micromagnetic snapshots of the DW state
under static fields. �a� Equilibrium state at rest �Be=0�. �b� Station-
ary state reached under Be=4 mT. �c� Snapshots of the DW states
at different instants for Be=6 mT. The color scale on the left pic-
tures represents the in-plane magnetization, whereas the z compo-
nent is coded from black �−1� to white �+1�.

FIG. 4. �Color online� DW dynamics driven by static currents
along perfect strips. �a� ja=25 and �b� ja=30 A /�m2. �c� Averaged
DW velocity as a function of ja for different values of �.
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increases exponentially, and it reaches a new stationary value
larger than the initial DW velocity.

When the current surpasses the Walker-type threshold ja
� jW��� �which depends on ��, the DW motion depicts some
features similar to the high-field driven case: the wall moves
with oscillations related to the DW transformations which
occur through the injection and motion of an antivortex
across the strip width.26 Typical results are shown in right
panel of Fig. 4�b�. Except for the case of �=�, the DW
motion depicts oscillations which are related to DW transfor-
mations from transverse to antivortex and from this one to
the first, and so on. This behavior is similar to the observed
under static fields with one difference: under static currents,
the instantaneous DW velocity is always positive. Due to the
DW transformations for ja� jW�0�, a net DW velocity is ob-
tained. The average DW velocity as a function on ja is shown
in Fig. 4�c� for three different values of � in agreement with
other studies.27

B. Field or current pulses

In this section, we consider the DW response to the action
of field pulses with sinusoidal form �Bext�t�=Be sin��t / tp� if
0 t tp, and Bext�t�=0 for t� tp�. Starting from the initial
state depicted in Fig. 1�a�, the DWM is micromagnetically
analyzed by numerically solving Eq. �1�. Figures 5�a� and
5�b� show the temporal evolution of the DW position �x�t��
and normalized DW width ���t� /��0�� under several field
pulses with different durations �tp� and different amplitudes
�Be�. The DW velocity as a function of the DW position is

depicted in Fig. 5�c�. The DW position increases monoto-
nously during the pulse application but the DW velocity
reaches a maximum some time before the pulse has been
turned off. After that, the DW velocity is still positive, and
therefore DW continues moving to the right from the initial
position. For times larger than 
3 ns, the DW finally stops.
As shown in Fig. 5�b�, the minimum value of the normalized
DW width ���t� /��0�� does not become smaller than 0.6,
and therefore, the transverse nature of the DW is preserved
during these field pulses. The distance traveled by the DW
increases linearly with both the pulse length �tp� and the
amplitude of the pulse �Be�, as shown in Figs. 5�d� and 5�e�.
All these micromagnetic results can be understood from a
well-established one-dimensional model �1DM� that treats
the DW as a rigid object �see Appendix�, where the value of
the DW width was obtained from the equilibrium state of
Fig. 1�a� by using the Thiele definition ��0=24.66 m� �see
Ref. 16 for details�. The good quantitative agreement be-
tween micromagnetic results ��M, dots� and the 1DM pre-
dictions �lines� is evident in Figs. 5�d� and 5�e�.

Figure 6 shows the micromagnetic results of the DWM
induced by sinusoidal current pulses �japp�t�= ja sin��t / tp� if
0 t tp, and japp�t�=0 for t� tp� for different values of the
nonadiabatic parameter �0�2��. The temporal evolution
of x�t� and ��t� /��0� is shown in Figs. 6�a� and 6�b�, respec-
tively. The velocity �v� as a function of the position �x� is
depicted in Fig. 6�c�. The length of the current pulse is tp
=100 ps and its amplitude is ja=10 A /�m2. As in the field-
driving case, the DW position x�t� increases from t=0 to t
= tp. However, the evolution of the DW velocity v�t� is quite

FIG. 5. �Color online� DW dynamics driven by sinusoidal field
pulses along perfect strips. �a� and �b� show the micromagnetic
results ��M� for DW position and width under pulses, different
lengths tp, and amplitudes Be. �c� v�t� versus x�t� for the same
pulses. Dots correspond to t tp, and lines correspond subsequent
times �t� tp�. �d� Final DW position xF reached by the DW for field
pulses with different amplitudes �Be� and constant length �tp

=100 ps�. �e� Final DW position xF reached by the DW for field
pulses with different lengths �tp� and constant amplitude �Be

=5 mT�. In both �d� and �e�, dots correspond to the micromagnetic
results ��M�, whereas lines represent the results predicted by the
1DM.

FIG. 6. �Color online� Micromagnetic results of DW dynamics
driven by current pulses along perfect strips for different values of
the nonadiabatic parameter �0�2��. �a� and �b� show the mi-
cromagnetic results ��M� for the DW position and width under
pulses of tp=100 ps and ja=10 A /�m2, respectively. �c� DW ve-
locity as a function of DW position. Dots correspond to t tp, and
lines correspond to subsequent times �t� tp�. �d� and �e� show the
final DW position xF reached by the DW for different current pulses
considering a nonadiabatic parameter of �=0.04: �d� the length is
constant �tp=100 ps� and ja is varied; �e� the amplitude is fixed
�ja=10 A /�m2� and tp is varied. In both �d� and �e�, dots corre-
spond to the micromagnetic results ��M�, whereas lines correspond
to the results predicted by the 1DM.
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different than the one observed for the field-driving case. If
the nonadiabatic parameter is smaller than the damping fac-
tor ��	��, the DW velocity is negative at the end of the
pulse �v�tp�	0�. This behavior is similar to the one observed
by Thiaville et al.67 in strips of 120�5 nm2 cross section,
and for other different pulses in the low current amplitude
regime. The minimum DW velocity at the end of the pulse is
observed for the perfect adiabatic case ��=0� and it in-
creases, becoming null if �=�=0.02 �v�tp�=0�. For ���,
the v�tp� is positive, and it increases with both the length and
the amplitude of the current pulses. When the pulse is turned
off �t� tp�, the DW velocity relaxes to zero, and the DW
position reaches a final value �xF	x�t� tp��. As it is shown
in Fig. 6�c�, the DW position decreases �increases� monoto-
nously after the pulse if �	� �if ����, whereas it remains
constant if �=�. The micromagnetic results show that net
displacement for times sufficiently larger than the current
pulse duration �xF	x�t� tp�� is zero in the perfect adiabatic
case ��=0�, and it increases linearly with ��0. The final
position reached by the DW under current pulses of different
amplitudes �ja� and different durations �tp� is depicted in
Figs. 6�d� and 6�e�, respectively, considering a nonadiabatic
parameter of �=0.04. In the same manner as for the field
pulses, the DW displacement increases linearly with both the
amplitude ja and the length tp of the pulses, and the micro-
magnetic results ��M, open dots� are in good quantitative
agreement with the 1DM �lines� predictions �see Appendix�.
Note that ��t� /��0� is well above that of the antivortex
nucleation threshold value ���t� /��0�
0.6�.

IV. DW DYNAMICS IN PRESENCE OF A SINGLE
CONSTRICTION

In this section, we consider the same strip as from the
above section but now containing a single pinning site which
consists of two rectangular notches symmetrically patterned
at both sides of the strip. The geometry analyzed is depicted
in Fig. 7�a�. Figure 1�b� shows the equilibrium state for
notches with length nx=15 nm and depth ny =6 nm. It is
important to note that for this particular strip geometry the
DW is pinned in the center of the pinning site. The DW
quasistatic depinning process from this pinning site has been
already studied by our group.54 Under static fields �Bext�t�
=Be� f�t��, the DW remains pinned inside the pinning po-
tential for fields smaller than the depinning threshold �Bdep�.
This quasistatic depinning threshold increases with the depth
of the notches �ny�. For fields larger than the depinning
threshold �Be�Bdep�, the DW is depinned from the pinning
trap, and it reaches a steady velocity for applied fields Be
smaller than the Walker breakdown. As it is observed in Fig.
7�b�, the DW displacement xeq�Be� under static fields smaller
than the critical depinning value �Be	Bdep� increases lin-
early with the field. As the field approaches the depinning
threshold, the slope of xeq as a function of Be starts to in-
crease, and it slightly deviates from the original linear rise.
As it is shown in Fig. 7�b�, both the length �LN� and the
depinning field �Bdep� increase with the depth of the notches
�ny�. The profile of the pinning potential �Vpin�x�� induced by
the constriction was computed from the total micromagnetic

energy for each equilibrium state �Vpin=Eexch+Edmg, where
Eexch and Edmg are the exchange and magnetostatic contribu-
tions to the total micromagnetic energy�. For Be	Bdep,
Vpin�x� depicts a parabolic profile which extends over a dis-
tance of LN=16–21 nm from the center of the constriction
�see Fig. 7�c��.

Let us now analyze the micromagnetic results of the DW
dynamics induced by field pulses with sinusoidal shape con-
sidering a constriction with nx=15 nm in length and ny
=6 nm in depth. Starting from the initial state of Fig. 1�b�,
Fig. 8 shows the micromagnetic DW response to the action
of field pulses of fixed length tp=100 ps and several maxi-
mum amplitudes Be. From Thiele’s definition, the value of

FIG. 7. �a� Schematic representation of the simulated geometry
of a strip with a single pinning site consisting of two rectangular
notches of length nx and depth ny. �b� DW equilibrium position as a
function of the static field in the pinned regime inside the pinning
site for strips of Ly �Lz=60�3 nm2 with notches of nx=15 nm
and several depths ny. �c� Pinning potential Vpin�x� as a function of
the DW position.

FIG. 8. �Color online� DW velocity as a function of the DW
position driven by field pulses of constant length �tp=100 ps� and
different amplitudes in presence of a single pinning site with nx

=15 nm and ny =6 nm. �a� and �b� show the temporal evolution of
the DW position x�t� and DW width ��t� for pulses with Be

=5 mT �solid black line�, Be=10 mT �dash red line�, Be=15 mT
�dot green line�, Be=20 mT �blue dash dot line�, and Be=25 mT
�pink dash dot dot line�. Dots represent times during the pulse �t
 tp�, whereas lines correspond to the subsequent free DW dynam-
ics �t� tp�. �c�–�f� show the micromagnetic configurations at differ-
ent instants for a pulse of Be=25 mT and tp=100 ps.
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the width of this pinned DW at rest is �0=21.14 nm. As
expected, both the DW velocity and the DW displacement at
the end of the pulse increase with the field amplitude Be. For
instance, under a pulse of Be=15 mT and tp=100 ps �see
green line in Figs. 8�a� and 8�b��, the DW position reaches a
maximum value of 41.5 nm at t=0.24 ns. After that �t� tp�,
the DW is attracted by the constriction, and it finally returns
to its initial state after having developed free and damped
oscillations. The frequency of these damped oscillations is

2.5 GHz, a value which agrees well with the one predicted
by the 1DM.54 A similar behavior is observed for more in-
tense pulses �see blue and pink lines in Figs. 8�a� and 8�b��.
In these cases, the DW is displaced far away from the pin-
ning site, over a distance several times larger than the physi-
cal size of the pinning site, which is given by nx. In particu-
lar, Figs. 8�c�–8�f� show the DW state at different instants for
a pulse of Be=25 mT. At the end of the pulse the DW posi-
tion x�tp�
37 nm, and the DW velocity v�tp�
525 m /s.
Figure 8�c� show the micromagnetic configuration of the
DW at t= tp. After that �t� tp�, the DW continues moving
away from the constriction up to t
1.88 ns, where it
reaches its maximum displacement from the center of the
pinning site �x�1.88 ns�
210 nm�. In this instant, the DW
velocity starts to decrease reaching a minimum value of
−352 m /s at t=26.9 ns. Therefore, the DW starts to be at-
tracted again toward its initial position, which is finally
reached at t
35 ns �see Fig. 8�f��. Note that the minimum
value of the normalized DW width is reached approximately
at the end of the pulse. But more importantly, even for these
pulses with high maximum amplitude of Be=25 mT, the
wall width never becomes smaller than the antivortex injec-
tion threshold �
0.6�, and therefore, the transverse structure
remains during the whole DW motion. These results indicate
that the attractive pinning potential extends over a distance
several times larger than the physical size of the constriction.
It was also verified that the maximum displacement of the
DW increases with both the duration �tp� and the amplitude
�Be� of the pulse. For example, under a pulse of Be
=25 mT and tp=200 ps the maximum displacement of the
DW before returning to its initial state is 437 nm �at t
=2.89 ns�.

Although it is not displayed here, it was also observed
that, if the length of the pulse with Be=25 mT is increased
to tp=500 ps, the DW eventually adopts an antivortex con-
figuration during the pulse. In this case, the DW reaches a
final position at 860 nm from the center of the pinning site,
where it finally recovers its transverse configuration, and it
does not return to the initial state since, for such a large
distance, the DW does not feel the magnetostatic pinning
force induced by the constriction.

Figure 9 shows the micromagnetic results for the DW
dynamics under current pulses of constant duration tp
=100 ps and different amplitudes ja, by considering three
different values of the nonadiabatic parameter: �a� �=0, �b�
�=0.02, and �c� �=0.04. As expected, the maximum dis-
placement reached by the wall at the end of the pulse �x�tp��
increases with both ja and �. For instance, under current
pulses with �ja , tp�= �60 A /�m2,100 ps� �see green lines in
Fig. 9�, the DW velocity becomes negative before the end of
the pulse �t= tp� in the perfect adiabatic limit ��=0�, and the

DW returns to its initial state �see Fig. 1�a�� after damped
oscillations. A similar behavior is also observed for �=� �see
green lines in Fig. 9�b��. However, if �=2�, the DW velocity
is still positive after the pulse is turned off �Fig. 9�c��. Then,
the DW velocity starts to decrease and the DW displacement
reaches a maximum value of x
167 nm at t
1.29 ns. Af-
ter that �t�1.29 ns�, the DW starts again to be attracted to
the pinning site. As it is shown in the right panel of Fig. 9,
��t� /��0� remains always larger than the antivortex nucle-
ation threshold ���t� /��0�
0.6� over the whole motion, a
fact which indicates that the transverse structure of the wall
is preserved over the whole process. As for the field-driven
case, the maximum distance traveled by the DW is several
times larger than the physical size of the pinning site, and it
is also larger than the length of the pinning potential LN

20 nm quasistatically computed �see Fig. 7�b��. Based on
these micromagnetic results, the constriction induces a posi-
tion dependent pinning potential Vpin�x� of magnetostatic na-
ture, which can be described by a restoring elastic force
Fp�x�=−�Vpin�x� /�x=−KNx if �x�LN. For LN	 �x�	LN�
�where LN� 
30nx�, although the position x is larger than the
physical size of the constriction �nx=15 nm�, there is still a
net force on the DW which attracts it toward the center of the
pinning potential �x=0�. Only at distances further than �x�
�LN� does the DW not experience any attractive force from
the constriction.

FIG. 9. �Color online� DW velocity as a function of DW posi-
tion �left panel� and DW width as a function of time �right panel�
under current pulses of constant length �tp=100 ps� in presence of
a single pinning site with nx=15 nm and ny =6 nm. From top to
bottom: �a� �=0, �b� �=0.02, and �c� �=0.04. Each curve corre-
sponds to different values of ja: black lines—ja=20 A /�m2, red
lines—ja=40 A /�m2, and green lines—ja=60 A /�m2. Dots on
left panel represent the values during the pulse �t tp�, whereas
lines correspond to the subsequent free DW dynamics �t� tp�.
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V. DWM BETWEEN TWO PINNING SITES

The simulations of former sections indicate that the en-
ergy barrier of a trapped DW inside a single pinning site can
be controlled by the depth of the constriction, and that a DW
can be eventually displaced from it by means of fast field and
current pulses in the subnanosecond regime. In this section,
and in order to analyze the DW transitions between two pin-
ning sites, a strip with Ly �Lz=60�3 nm2 containing two
identical constrictions with nx�ny =15�6 nm2 is consid-
ered. In absence of any driving force, the DW is pinned at
one of two equilibrium states of a double-potential well. Fig-
ures 1�c� and 1�d� show these two states, where the constric-
tions are separated S=120 nm from each other. Figure 10�a�
depicts the equilibrium state at zero field of the DW pinned
in the left pinning site, which is separated from right pinning
site by S=30 nm. Contrary to the case of similar notches but
at S=120 nm from one another �see Fig. 10�b��, the DW is
not symmetrically placed in the center of the notch when S
=30 nm. In this case, the DW is slightly displaced toward
the pinning site on the right. In order to describe the influ-
ence of the separation between the pinning sites on the pin-
ning potential, we analyzed the quasistatic pinning regime
under static fields with two similar pinning sites at different
separations �S�. Figure 10�c� shows the DW equilibrium po-
sition xeq as a function of static fields �Bext=Be� f�t�� in the
pinned regimen for three different values of S. At zero field,
the DW is placed in the left pinning site �at x=xL	0�. It is
noted that by forcing the DW depinning toward negative
positions driven by negative fields �Be	0�, the minimum
field needed to promote does not depend on S. However, the
positive field required to promote the DW jump from the left
pinning site �at xL	0� to the right �at xR�0� is strongly
influenced by the separation S. If distance between pinning
sites decreases under a given threshold, the pinning potential
of both notches overlap around the central point �x=0�, and
this results on a reduction in the energy barrier between
them, as can be noted in Fig. 10�d�, which depicts the mi-
cromagnetically deduced pinning profile. In particular, a field

of 2 mT is enough to produce the jump of the DW to the
right pinning site if S=30 nm. For fields 2 mTBe
5.75 mT=Bdep, the DW remains trapped in the right pin-
ning site, and if the field surpasses this depinning threshold
value, the DW is depinned, and it continues moving. The
snapshots depicted in Figs. 10�a� and 10�e�–10�h� represent
the equilibrium magnetization texture at different static fields
for S=30 nm. A similar behavior is observed if S=60 nm
but a larger field of 4.5 mT is required for the DW jumping
from the left to the right pinning site. On the contrary, if the
separation rises to S=120 nm, a minimum field of 6 mT is
required to expel the DW from the left pinning site, and the
DW is not trapped in the right pinning site. Some equilib-
rium states for S=120 nm are depicted in Figs. 10�b�, 10�i�,
and 10�j�. This analysis indicates that the energy barrier be-
tween two pinning sites can be controlled by changing the
separation between them, and therefore, it could be useful for
application on memory devices where the thermal stability of
a magnetic bit is determined by the ratio between the energy
barrier EB to the thermal energy KBT.

Let us focus on the DW dynamics driven by field pulses
in a strip containing two similar notches which are separated
S=120 nm from each other. Starting from the initial state of
Fig. 1�c� or Fig. 10�b�, where the DW is pinned at the center
of the left pinning site �x�0�=xL	−67.5 nm�, micromag-
netic simulations are used to describe the DW dynamics. Our
aim here is to determine the critical amplitude �Be or ja� and
the critical duration �tp� of pulses needed to promote the
jump toward the pinning site at the right �xR= +67.5 nm�.

The micromagnetically computed response of this pinned
DW �initially in the left pinning site, at x�0�=xL
=−67.5 nm� to the action of two field pulses of constant
duration �tp=100 ps� and two different amplitudes �Be
=16 mT and Be=17 mT� is depicted in Figs. 11�a� and
11�b�, which show the temporal evolution of both the DW
position x�t� and the DW width ��t� /��0�, respectively. Fig-
ure 11�c� shows the DW trajectory in the phase domain �v�t�
vs x�t�� for the same field pulses. For both pulses, the DW
position increases during the pulse application �0 t tp�
from x�0�=xL toward x=0, which represents the center of the
potential landscape, and the DW velocity reaches a maxi-

FIG. 10. �Color online� Equilibrium states of the DW in a strip
with two pinning sites under static fields in the pinned regime.

FIG. 11. �Color online� DW dynamics between two pinning
sites separated by S=120 nm. Temporal evolution of �a� the DW
position and �b� the DW velocity under two field pulses of fixed
duration �tp=100 ps� with two amplitudes: Be=16 mT �red line�
and Be=17 mT �blue line�. �c� Trajectories in the phase space �v�t�
vs x�t�� corresponding to the same field pulses. The duration of the
pulse is also tp=100 ps, and the amplitude ja is given on the
graphs. Dots correspond to times 0 t tp, whereas lines show the
subsequent free DW dynamics �t� tp�.
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mum value at t
90 ps. After that, the DW velocity de-
creases freely. For Be=16 mT, the DW velocity becomes
negative before it has reached the central point �x=0� of the
double-potential well, and it starts to be attracted toward the
initial state �Fig. 1�c��. On the contrary, if Be=17 mT the
DW reaches the central point of the potential landscape �x
=0� with positive velocity, and it starts to be attracted toward
the pinning site on the right �xR= +67.5 nm�.

Figures 12�a�–12�c� depict the critical trajectories of the
DW in the phase space �v�t� vs x�t�� under two current pulses
of fixed duration �tp=100 ps� and different amplitudes �ja�,
for �=0, �=�=0.02, and �=2�=0.04 cases, respectively. In
the perfect adiabatic case ��=0� �see panel �a� in Fig. 12�, the
DW surpasses the central point x=0 during the pulse appli-
cation but the DW velocity becomes negative before the
pulse has been turned off. The minimum value �more nega-
tive� of the velocity is reached at the end of the pulse. For
ja=73 A /�m2, v�tp�
−339 m /s, whereas v�tp�

−337 m /s for ja=74 A /�m2. After that �t� tp�, the DW
relaxes freely in the pinning potential. For ja=73 A /�m2,
the DW crosses backward over the central point �from x
�0 to x	0� with negative velocity, and therefore, after
damped oscillations it returns again to the left pinning site
�xL=−67.5 nm�. If the amplitude of the pulse increases to
ja=74 A /�m2, the DW velocity becomes positive before
crossing the middle point of the double-potential well, and it
finally becomes pinned at the right pinning site �xL=
+67.5 nm�. A similar behavior is observed for �=0.02 �see

panel �b� in Fig. 12�, but now, the critical amplitude �jc
=51 A /�m2� for the DW jump is reduced with respect to
the former case ��=0�. The critical trajectories for �=2�
=0.04 are depicted in panel �c� of Fig. 12. In this case, the
DW does not cross over the central point of the double pin-
ning well at the end of the pulse, that is, x�tp�	0. If ja
=37 A /�m2 the DW velocity becomes negative after the
pulse �t� tp�, and the DW returns to the initial state. How-
ever, for a pulse with ja=38 A /�m2, the DW velocity is still
positive at t= tp and after that, the DW crosses over x=0, and
it becomes attracted to the pinning site on the right �x=xR,
see Fig. 1�d��, where it is finally trapped. As it is clear in
both Figs. 11 and 12, the normalized DW width ��t� /��0�
remains well above the antivortex injection threshold
�
0.6�, and therefore, the transverse configuration of the
DW is preserved during both the field and current jumps.

In order to determine how the critical amplitude of the
pulse �Bc or jc� depends on its duration �tp�, a systematic
analysis of the DW dynamics was carried out for several
separations S between both pinning sites. The results are col-
lected in Fig. 13�a� for field pulses, and in Figs. 13�b� and
13�c� for current pulses considering �=0 and �=0.04, respec-
tively. For combinations of �Be , tp� or �ja , tp� above �below�
each curve, the jump from the left to the right pinning takes
place �does not take place�. As it was expected from former
observations, for a given length tp, the minimum amplitude
of the pulse needed to promote the DW jump to the adjacent
constriction increases with S, and both Bc or jc decrease
when the pulses are longer.

Former micromagnetic results were computed at zero
temperature. In order to get a more realistic description, the
DW jumps under both sinusoidal field and current pulses
were analyzed at room temperature T=300 K for a separa-

FIG. 12. �Color online� DW dynamics between two pinning
sites separated by S=120 nm driven by current pulses: �a� �=0, �b�
�=0.02, and �c� �=0.04. On the left panel, the DW position and the
DW width are represented as a function of time. Right panels depict
the DW velocity as a function of the DW position. The duration of
the pulse is also tp=100 ps, and the amplitude ja is given on the
graphs. Dots correspond to times 0 t tp, whereas lines show the
subsequent free DW dynamics �t� tp�.

FIG. 13. �Color online� Critical amplitudes of the �a� field �Bc�
and current �jc� pulses, and �b� �=0 and �c� �=2�=0.04 as a func-
tion of the duration tp. Three different separations between the con-
strictions are considered: S=30 nm �black squares�, S=60 nm �red
circles�, and S=120 nm �green triangles�. Lines are guides for the
eyes.
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tion of S=120 nm between both pinning sites. The length of
the pulses was fixed to tp=100 ps, and several amplitudes,
both smaller and larger than the deterministic critical thresh-
old �Bc�T=0� or jc�T=0��, were evaluated by computing 25
stochastic realizations for each pair of �Be , tp� or �ja , tp�. Fig-
ure 14 shows examples of the micromagnetic results, which
depict similar features for both field ��a�–�c��, and current
pulses with �=0 ��d�–�f�� and �=0.04 ��g�–�i��. The system
was evolved freely during the first 0.5 ns of the simulation at
room temperature, and then the pulse is applied �at t
=0.5 ns�. For pulses with amplitude smaller than the deter-
ministic critical value �Be	Bc�T=0� or ja	 jc�T=0�, see the
left panel in Fig. 14�, the DW does not jump to the right
pinning site in any realization. On the contrary, if the ampli-
tude of the pulse is large enough for the critical deterministic
threshold �Be�Bc�T=0� or ja� jc�T=0�, see the right panel
in Fig. 13�, the DW jumps to right pinning site occurs with
100% probability. For intermediate amplitudes close to the
deterministic threshold �see the central panel in Fig. 14�, the
DW returns to the initial left pinning site for some realiza-
tions but it jumps to the right pinning site for others as due to
thermal fluctuations.

The probability of the DW jump �PJ� at T=300 K under
�a� field and ��b� and �c�� current pulses of constant length
�tp=100 ps� is depicted in Fig. 15 as a function of the am-
plitude. For all cases evaluated the probability of DW jump
changes from 0% to 100% in a narrow interval of ampli-
tudes. These results indicate that the writing mechanism for a
bistable magnetic random access memory device based on a
pinned DW at two different positions could be fast and easily
performed by means of short field or current pulses in the
subnanosecond regime.

As it was depicted in Fig. 10, the energy barrier EB be-
tween two pinning sites decreases with the separation S. Al-
though it is not shown here, we observed that when two
identical pinning sites are separated by S=30 nm from each
other, the jumps from one pinning site to the other can be
induced as due to thermal fluctuations in absence of any
driving force. The reason for these jumps is the small energy
barrier �EB=1.8�10−21 J� as compared to the thermal en-
ergy, which is KBT=4.14�10−21 J at room temperature.
However, the energy barrier is several times larger than the
thermal energy at room temperature for S=120 nm �see Sec.
VI�. It was micromagnetically verified that for this case �S
=120 nm� the strength of thermal activation by itself �for
Be= ja=0� is not enough to produce the jump of the DW to
the adjacent pinning site, and it only fluctuates around the
initial pinning site but without jumping outside.

VI. 1DM RESULTS FOR STRIPS WITH TWO
PINNING SITES

The results of Secs. IV and V were obtained from a full
micromagnetic point of view which considers the three-
dimensional �3D� spatial variation in the magnetization. In
this section, a one-dimensional approximation is adopted
with the aim of describing the DW jumps between two pin-
ning sites which are separated S=120 nm from each other.
The pinning potential profile is described by the following
function

Vpin�X� = V0 − Vd�exp�−
�X + xL�2

L2 � + exp�−
�X + xR�2

L2 � ,

�5�

FIG. 14. �Color online� Micromagnetic results at room tempera-
ture T=300 K of the DW position as a function of time under field
pulses of tp=100 ps and different amplitudes: �a� Be=12 mT, �b�
Be=17 mT, and �c� Be=22 mT. Graphs �d� ja=60 A /�m2, �e�
ja=75 A /�m2, and �f� ja=85 A /�m2 correspond to current pulses
in the perfect adiabatic limit ��=0�, whereas �g� ja=30 A /�m2, �h�
ja=40 A /�m2, and �i� ja=50 A /�m2 correspond to current pulses
considering a nonadiabatic parameter of �=0.04. The separation is
S=120 nm, and 25 stochastic realizations are displayed on each
graph.

FIG. 15. �Color online� Probability of DW jump from one notch
to the other �S=120 nm� under pulses of tp=100 ps and different
amplitudes: �a� Field pulses, �b� Current pulses in the perfect adia-
batic case ��=0�, �c� Current pulses in the nonadiabatic case ��
=0.04�. The results were computed by evaluating 25 realizations of
the DW dynamics at T=300 K. Solid lines correspond to the fit-
tings to PJ= �1+exp�Be−Be�T=0 K�� /�Be�−1 for the field pulses,
and PJ= �1+exp�ja− ja�T=0 K�� /�ja�−1 for current pulses.
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where V0 is a constant, xL=−67.5 nm and xR= +67.5 nm are
the centers for each pinning site, and L and Vd are the length
and the effective depth of each pinning site. The values of L
and Vd have been estimated by fitting former micromagnetic
simulations of Sec. V. For the case of S=120 nm, the fol-
lowing values are inferred: L=32.5 nm and Vd=7.32
�10−20 J. This energy profile is depicted in Fig. 16�a�,
where dots correspond to micromagnetic simulations of Fig.
10�d�, and solid lines correspond to Eq. �5�. The deduced
pinning force Fpin�X�=−�Vpin�X� /�X is also depicted in Fig.
16�b�. Taking into account this effective pinning potential in
Eq. �A19�, the DW dynamics can be numerically solved
from a rigid point of view ��0=21.14 nm�. Typical rigid
1DM trajectories in the phase space �v�t� vs X�t�� are shown
in Fig. 16�c� for field pulses of tp=100 ps �solid lines�. The
same analysis was also carried out but now it considers that
the DW width is a function of time ��=��t�� in both Eqs.

�A17� and �A18� �dashed lines�. In this case, the dynamical
equation which describes the temporal evolution of DW
width deduced by Thiaville et al.11,64 was used along with
Eqs. �A17� and �A18�. In view of the similarity of these
results �the curves are almost indistinguishable�, we con-
clude that the temporal evolution of the DW width plays a
minor role on the analyzed DW jumps. More importantly,
these 1DM results depict similar features with the micromag-
netic ones �see Fig. 11�c��.

Figures 17�a�–17�c� show the rigid 1DM trajectories in
the phase space �v�t� vs X�t�� under current pulses of fixed
duration �tp=100 ps� for three different values of �. They
depict similar behavior than those obtained from full micro-
magnetic modeling �see Figs. 12�c� and 13�a�–13�c��.

The critical amplitudes required to promote the DW
jumps from the left pinning site to right one as a function of
tp are collected in Fig. 18. The micromagnetic results ��M,
dots� are compared with the rigid 1DM predictions �solid
lines�, and a good quantitative agreement is evidenced. These
results indicate that, although the rigid 1DM cannot describe
the change in the DW width nor spin waves excitations, it
captures the essential aspects of the DW physics, provided

FIG. 16. �Color online� �a� Pinning potential Vpin�X� and �b�
pinning force Fpin�X� used to mimic the micromagnetic results of
Sec. V by means of the one-dimensional model. �c� Trajectories in
the phase space �v vs X� for two field pulses of fixed duration �tp

=100 ps� obtained from 1DM at zero temperature with the follow-
ing parameters: �0=21.14 nm, Nz=0.8097, and Ny =0.048. Solid
lines correspond to the numerical solution of Eq. �A19� considering
that the DW width remains constant. Dashed lines were computed
from Eqs. �A17� and �A18� and using the dynamical equation for
the DW width �Refs. 11 and 64�.

FIG. 17. �Color online� Rigid 1DM trajectories in the phase
space �v vs X� for two current pulses of fixed duration �tp

=100 ps�. From top to bottom: �a� �=0, �b� �=0.02, and �c� �
=0.04.
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that the model parameters, such as the effective pinning pro-
file, are suitably chosen based on micromagnetic results.

VII. CONCLUSIONS

In summary, we have presented a micromagnetic analysis
of the DW static properties and its motion along thin Permal-
loy strips driven by short sinusoidal field or current pulses
with different amplitudes and durations in the subnanosec-
ond regime. The net DW displacement along perfect strips
increases with both the amplitude and the length of the
pulses for both field and current pulses if finite nonadiabatic
corrections are taken into account, whereas no net displace-
ment is achieved in the perfect adiabatic case. The static
properties and the dynamics in strips which contain a single
or a double pinning site have been also characterized. In the
first case, the analysis of pinning potential indicates that it
depends on the size of the constriction. A DW can be moved
over distances in the order of several hundreds of nanometers
by short pulses but if the distance traveled does not surpass a
given threshold when the pulse is turned off, the DW is at-
tracted again to its initial position, which indicates that the
pinning potential extends over distances several times larger
than the physical size of the constriction. For the strip with
two pinning sites, the energy barrier between them can be
controlled by their separation. The DW jumps between this
bistable system can be achieved by means of short field or
current pulses. The critical amplitude of the pulses increases
when its duration is reduced for both field and current pulses.
The transitions between adjacent pinning sites were also
evaluated at room temperature under field or current pulses
of constant duration of 100 ps and different amplitudes. The
probability of DW jump changes from 0% to 100% in a
small range of amplitudes. All these features are attractive
for novel magnetic random access memories where a single
domain wall could serve as a memory element.
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APPENDIX: 1DM

In order to gain analytical insight into the DW dynamics,
the 1DM is commonly adopted.9,24,27 It considers that the

magnetization vector M� =Msm� depends only on the axial co-
ordinate x. Denoting by ��x , t� the magnetization polar angle
�the polar axis being the strip axis�, and by ��x , t� the
azimuthal angle describing the orientation of the magnetiza-

tion projection on the cross-sectional plane �M�
=Ms�cos � , sin � cos � , sin � sin ���, Eq. �1� reads

�̇ + � sin ��̇ = �0Heff,� + bJ
��

�x
+ cJ sin �

��

�x
, �A1�

sin ��̇ − ��̇ = − �0Heff,� + bJ sin �
��

�x
− cJ

��

�x
, �A2�

where the dot notation represents the time derivative ��̇
	�� /�t, �̇	�� /�t�, and the two components of the effec-
tive field are

Heff,� = −
1

�0Ms

��

��
, �A3�

Heff,� = −
1

�0Ms sin �

��

��
, �A4�

where � is the energy density, and � /�� indicates the func-
tional derivative given by

�

��
=

�

��
−

�

�x� �

�� ��

�x
�� �A5�

for each �=� or �.
The energy density � of a free-defect strip consists of four

different contributions

� = �ext + �ani + �exch + �dmg, �A6�

where the external field H� ext=Hextu�x and the uniaxial magne-
tocrystalline contributions are

�ext = − �0M� · H� ext = − �0MsHext cos � , �A7�

�ani = Ku�1 − �m� · u�K�2� = Ku�1 − cos2 �� , �A8�

where Ku is the uniaxial magnetocrystalline anisotropy con-
stant and u�K=u�x is the easy axis. The exchange energy den-
sity in the one-dimensional model is given by

FIG. 18. �Color online� Critical amplitudes of �a� the field �Bc�
and �b� density current �jc� as a function of the pulse duration tp

required to promote the DW jump. Micromagnetic results ��M� are
depicted by dots, whereas rigid 1DM predictions are depicted by
solid lines.
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�exch =
A

Ms
2� �M� �x�

�x
�2

= A�� ��

�x
�2

+ sin2 �� ��

�x
�2 ,

�A9�

where A is the exchange constant. The demagnetizing energy
density can be expressed as

�dmg = −
1

2
�0M� · H� dmg

=
1

2
�0Ms

2�Nx cos2 � + �Ny cos2 � + Nz sin2 ��sin2 �� ,

�A10�

where the demagnetizing field is assumed to be proportional

to the magnetization according to H� dmg=−N ·M� , with N be-
ing a diagonal tensor. Its components Nx, Ny, and Nz are the
demagnetizing factors along the x, y, and z directions, re-
spectively, which depend on the strip cross-sectional
dimensions.68

By placing Eqs. �A7�–�A10� into Eqs. �A3� and �A4�, and
considering that the DW profile is given by the Walker’s trial
functions9,24,27

� = ��t� , �A11�

ln tan
��x,t�

2
=

1

�
�x − X�t�� . �A12�

Equations �A1� and �A2� can be written as

Ẋ

�
− ��̇ =

1

2
�d sin�2�� −

bJ

�
, �A13�

�̇ + �
Ẋ

�
= �0Hext −

cJ

�
, �A14�

where �d=�0Ms�Nz−Ny� is the angular frequency of magne-
tization oscillations around the demagnetizing field inside the
wall. X�t� represents the DW center position along the x axis.
The terms on the right-hand side of Eq. �A14� are related to
the driving forces acting on the DW:

�0Hext −
cJ

�
=

�0

2�0MsLyLz
�FH + Fj� ,

where FH=2�0MsLyLzHext is the driving force due to the
magnetic field Bext=�0Hext, and Fj =−2�0MsLyLzcJ / ��0�� is
the driving force due to the spin-polarized current with cJ
=�bJ.

69 The DW width � is given by

���� = � A

K0 + K sin2 �
�1/2

, �A15�

where K0=Ku+ 1
2�0Ms

2�Ny −Nx� and K= 1
2�0Ms

2�Nz−Ny�.
More details on how Eqs. �A13�–�A15� are obtained can be
found in Ref. 24.

Equations �A13� and �A14� describe the DW dynamics
along perfect strips.27,64,67 In order to include the effect of
notches which act as a trap for the DW position, the external

field Hext has to be replaced by Hext+Hpin�X�, where Hpin�X�
represents the pinning field, which is derived from the pin-
ning potential Vpin�X� as

Hpin�X� = −
1

2�0MsLyLz

�Vpin�X�
�X

. �A16�

Introducing this pinning field Hpin�X�, Eqs. �A13� and
�A14� can be written as

�1 + �2�
Ẋ

�
= ��0Hext − �

�0

2�0MsLyLz

�Vpin�X�
�X

+
1

2
�d sin�2�� − �1 + ���

bJ

�
, �A17�

�1 + �2��̇ = �0Hext −
�0

2�0MsLyLz

�Vpin�X�
�X

− �
1

2
�d sin�2�� − �� − ��

bJ

�
, �A18�

which are analogous to the rigid one-dimensional equations
used in Refs. 52 and 55.

Former Eqs. �A17� and �A18� describe the DW dynamics
under both magnetic fields and/or spin-polarized currents
from the one-dimensional point of view, where it is given by
the DW center position X and the tilt angle �. Considering
that DW width remains constant with respect to its static
value ��=�0�, and that the tilt angle is small �typically, �
	10°�, Eqs. �A17� and �A18� can be linearized, and the
following equation is obtained

�1 + �2�
d2X

dt2 + �
dX

dt
+

1

mw

�Vpin�X�
�X

= f�t� , �A19�

where mw=2��0LyLz� /�0
2�Nz−Ny��0 is the effective DW

mass, and the friction coefficient � is given by

� = ��d�1 +
1

mw�d
2

�2Vpin�X�
�X2 � . �A20�

The term on the right-hand side of Eq. �A19� �f�t�� rep-
resents the total external �or driving� force per unit of mass
mw, which can be written as the sum of both static and dy-
namics, and field and current contributions �f�t�= fH,s+ fH,d
+ f j,s+ f j,d�. Under time-varying field �Bext�t�=�0Hext�t��, f�t�
is given by

f�t� = fH,s + fH,d = �0�0�dHext + ��0�0
�Hext�t�

�t
,

�A21�

whereas for current pulses �japp�t��, the instantaneous driving
force per unit of mass is

f�t� = f j,s + f j,d = − ��d
�BP

eMs
japp�t� − �1 + ���

�BP

eMs

� japp�t�
�t

.

�A22�

Considering the case of perfect strips �Vpin�X�=0�, the
DW velocity under field Bext�t� or current japp�t� pulses with
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sinusoidal form �where Bext�t�=Be sin��t / tp� if 0 t tp,
and Bext�t�=0 if t� tp� can analytically be obtained by solv-
ing Eq. �A19�. For 0 t tp, the instantaneous velocity

�Ẋ�t�	v�t�� is given by

v��t� = A��B��e−���dt/1+�2� − cos��t

tp
� + C� sin��t

tp
�� ,

�A23�

where � :H , j for field and current pulses, respectively. For
field pulses ��=H�, the coefficients AH, BH, and CH are given
by

AH =
�0�0Hetp

����dtp�2 + �2�1 + �2�2�
, �A24�

BH = ��d, �A25�

CH = ���d
2tp +

�2

tp
�1 + �2�� , �A26�

whereas for current pulses ��= j�,

Aj = −
�BP

eMs

jatp

����dtp�2 + �2�1 + �2�2�
, �A27�

Bj = ��d�� − �� , �A28�

Cj = ����d
2tp +

�2

tp
�1 + �2�� +

�2

tp
�1 + �2� . �A29�

The instantaneous DW position during the pulse �0 t
 tp� is

X��t� = A�B��1 + �2

��d
�1 − e−���dt/1+�2�� −

tp

�
sin��t

tp
�

+ A�C�� tp

�
��1 − cos��t

tp
� . �A30�

On the other hand, the DW velocity after the pulse is
turned off �for t� tp, Bext�t�= japp�t�=0� is given by

v��t� = v��tp�e−���d�t−tp�/1+�2�, �A31�

where v��tp� is the velocity of the DW at the end of the
pulse. The DW position for t� tp can be obtained by integra-
tion from Eq. �A31�,

X��t� = X��tp� + v��tp�
1 + �2

��d
�1 − e−���d�t−tp�/1+�2�� ,

�A32�

where X��tp� is the position of the DW center at the end of
the pulse.

The effect of thermal flluctuations is included in the 1DM
by replacing Hext by Hext+Hth�t� in both Eqs. �A17� and
�A18�. The stochastic random thermal field Hth�t� is assumed
to be a Gaussian-distributed stochastic process with zero
mean value ��Hth�t��=0� and uncorrelated in time
��Hth�t�Hth�t���=2D��t− t���. The factor D represents the
strength of the thermal field, which can be obtained from the

fluctuation-dissipation theorem �D=� �KBT

�0VDW�0Ms
, where VDW

=�LyLz is the volume of the DW�. On the other hand, ther-
mal fluctuations enter in the linearized 1DM by adding a
thermal force �per unit of mass� on the right hand side of Eq.
�A19�, as was described in Ref. 16.
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